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Abstract For any positive integer n, we define f(n) as a Smarandache multiplicative func- 
tion, if f(ab) = max(f(a), f(b)), (a,b) = 1. Now for any prime p and any 
positive integer a, we take f(p%) = ap. It is clear that f(n) is a Smarandache 
multiplicative function. In this paper, we study the mean value properties of 
f(n), and give an interesting mean value formula for it. 
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$1 Introduction and results 


For any positive integer n, we define f(n) as a Smarandache multiplicative 
function, if f(ab) = max(f(a), f(b)), (a,b) = 1. Now for any prime p and 
any positive integer a, we take f(p°) = ap. It is clear that f(m) is a new 
Smarandache multiplicative function, and if n = p{!p$?--- pp" is the prime 
powers factorization of n, then 


f(n) = max {f(pi")} = max {aupi}- (1) 

About the arithmetical properties of f(n), it seems that none had studied 

it before. This function is very important, because it has many similar prop- 

erties with the Smarandache function S(n) (see reference [1][2]). The main 

purpose of this paper is to study the mean value properties of f(n), and obtain 

an interesting mean value formula for it. That is, we shall prove the following: 
Theorem. For any real number xz > 2, we have the asymptotic formula 
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§2 Proof of the theorem 
In this section, we shall complete the proof of the theorem. First we need 
following one simple Lemma. For convenience, let n = pf'p5? --- pz" be the 


prime powers factorization of n, and P(n) be the greatest prime factor of n, 
that is, P(n) = max {p;}. Then we have 
1<i<k 
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Lemma. For any positive integer n, if there exists P(n) such that P(n) > 
/n, then we have the identity 


f(n) = P(n). 


Proof. From the definition of P(n) and the condition P(n) > \/n, we get 
) 


f(P(n)) = P(r). (2) 
For other prime divisors p; of n (1 <i < k and p; € P(n)), we have 
F (pi) = api. 
Now we will debate the upper bound of f(p§"') in three cases: 


() Ifa; =1, then f(p;) = pj < Vn. 
(I) If a; = 2, then f(p?) = 2p; < 2- ni < vn 


(II) If a; > 3, then f(p%*) = a; - pi < a; - nPa <n. Be < Vn, 


where we use the fact that a < ne if p°|n. 


Combining (I)-(III), we can easily obtain 


f(pf*) < Vn. (3) 


From (2) and (3), we deduce that 
f(n) = max {f(p{")} = f(P(n)) = P(n). 


1<i<k 


This completes the proof of Lemma. 
Now we use the above Lemma to complete the proof of the theorem. First 
we define two sets A and B as following: 


A= {nln <2, P(n) <+/n}, B= {n|n < 2, P(n) > Vn}. 


Using the Euler summation formula (see reference [3]), we may get 


Se fin)< S- Vninn 
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ie Vintat + [( (t — [t])(Vélnt)/dt + Vain x(x — [2]) 
< £3 Ine. (4) 


Similarly, from the Abel’s identity we also have 


DMfm= db) P(ry= >) DD p 
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where 7(2) denotes all the numbers of prime which is not exceeding x. Note 


that 
x x 
a) = Inx o (3) ; 


from (5) we have 


Y= 2n(2) -vaenva)- [7 x(yas 


=: 1 zo ae 
~ 2 ning/n 2 Inve n2 In? x /n 


x ig xr 
Be (3 ] re ee t/n  \n? =] a 


Hence 
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and 
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neve ln x/n isle 


From (4), (5), (6), (7) and (8) , we may immediately deduce that 


d— f(r) df) + VFO) 
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This completes the proof of the theorem. 
Note. If we use the asymptotic formula 


~# {48 | on® | f_2 
TAD) Inz « In? x + a In™ x | G (<a) 


to substitute 


x x 
et (= -) 


in (5) and (6), we can get a more accurate asymptotic formula for S- f(n). 


nN<u 
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